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BLOWING-UP SOLUTIONS CONCENTRATING ALONG MINIMAL
SUBMANIFOLDS FOR SOME SUPERCRITICAL ELLIPTIC PROBLEMS
ON RIEMANNIAN MANIFOLDS
MARCO GHIMENTI, ANNA MARIA MICHELETTI, ANGELA PISTOIA
Abstract. Let (M,g) and (K,κ) be two Riemannian manifolds of dimensions m and
k, respectively. Let ω ∈ C2(N), ω > 0. The warped product M ×ω K is the (m + k)-
dimensional product manifold M ×K furnished with metric g +ω2κ. We prove that the
supercritical problem
−∆
g+ω2κu+ hu = u
m+2
m−2
±ε
, u > 0, in (M ×ω K, g + ω
2κ)
has a solution which concentrate along a k-dimensional minimal submanifold Γ ofM×ωN
as the real parameter ε goes to zero, provided the function h and the sectional curvatures
along Γ satisfy a suitable condition.
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1. Introduction and statement of main results
We deal with the semilinear elliptic equation
−∆gu+ hu = u
p−1, u > 0, in (M, g) (1.1)
where (M, g) is a n−dimensional compact Riemannian manifold without boundary, h is a
C1−real function on M s.t. −∆g + h is coercive and p > 2.
The compactness of the embedding H1
g
(M) →֒ Lpg(M) for any p ∈ (2, 2
∗
n) where 2
∗
n :=
2n
n−2 if n ≥ 3 and 2
∗
n := +∞ if n = 2, ensures that
inf
u∈H1
g
(M)
u6=0
∫
M
(
|∇gu|
2 + hu2
)
dµg(∫
M
|u|pdµg
)2/p
is achieved and so problem (1.1) has always a solution for any p ∈ (2, 2∗n).
In the critical case, i.e. p = 2∗n, the situation turns out to be more complicated. In
particular, the existence of solutions is related to the position of the potential h with respect
to the geometric potential hg :=
n−2
4(n−1)Sg, where Sg is the scalar curvature of the manifold.
If h ≡ hg, then problem (1.1) is referred to as the Yamabe problem and it has always a
solution (see Aubin [1, 2], Schoen [10], Trudinger [11], and Yamabe [12] for early references
on the subject). When h < hg somewhere in M, existence of a solution is guaranteed by a
minimization argument (see for example Aubin [1, 2]). The situation is extremely delicate
when h ≥ hg because blow-up phenomena can occur as pointed out by Druet in [6, 7].
The supercritical case p > 2∗n is even more difficult to deal with. A first result in this
direction is a perturbative result due to Micheletti, Pistoia and Ve´tois [9]. They consider
the almost critical problem (1.1) when p = 2∗n ± ε, i.e. if p = 2
∗
n − ε the problem (1.1) is
slightly subcritical and if p = 2∗n + ε the problem (1.1) is slightly supercritical. They prove
the following results.
Theorem 1. Assume n ≥ 6 and ξ0 ∈ M is a non degenerate critical point of h−
n−2
4(n−1)Sg.
Then
(i) if h(ξ0) >
n−2
4(n−1)Sg(ξ0) then the slightly subcritical problem (1.1) with p = 2
∗
n−1−ε,
has a solutions uε which concentrates at ξ0,
1
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(ii) if h(ξ0) <
n−2
4(n−1)Sg(ξ0) then the slightly supercritical problem (1.1) with p = 2
∗
n −
1− ε, has a solutions uε which concentrates at ξ0 as ε→ 0.
Now, for any integer 0 ≤ k ≤ n− 3 let 2∗n,k =
2(n−k)
n−k−2 be the (k + 1)−st critical exponent.
We remark that 2∗n,k = 2
∗
n−k,0 is nothing but the critical exponent for the Sobolev embed-
ding H1
g
(M) →֒ Lqg(M), when (M, g) is a (n − k)−dimensional Riemannian manifold. In
particular, 2∗n,0 =
2n
n−2 is the usual Sobolev critical exponent.
We can summarize the results proved by Micheletti, Pistoia and Ve´tois just saying that
problem (1.1) when p→ 2∗n,0 (i.e. k = 0) has positive solutions blowing-up at points. Note
that a point is a 0−dimensional manifold! Therefore, a natural question arises: does prob-
lem (1.1) have solutions blowing-up at k−dimensional submanifolds when p→ 2∗n,k?
In the present paper, we give a positive answer when (M, g) is a warped product manifold.
We recall the notion of warped product introduced by Bishop and O’Neill in [3]. Let
(M, g) and (K,κ) be two riemannian manifolds of dimensions m and k, respectively. Let
ω ∈ C2(M), ω > 0 be a differentiable function. The warped product M = M ×ω K is the
product (differentiable) n−dimensional (n := m + k) manifold M × K furnished with the
riemannian metric is g = g + ω2κ. ω is called warping function. For example, every surface
of revolution (not crossing the axis of revolution) is isometric to a warped product, with M
the generating curve, K = S1 and ω(x) the distance from x ∈M to the axis of revolution.
It is not difficult to check that if u ∈ C2(M ×ω K) then
∆gu = ∆gu+
m
ω
g (∇gf,∇gu) +
1
ω2
∆κu. (1.2)
Assume h is invariant with respect to K, i.e. h(x, y) = h(x) for any (x, y) ∈ M ×K. If we
look for solutions to (1.1) which are invariant with respect to K, i.e. u(x, y) = v(x) then by
(1.2) we immediately deduce that u solves (1.1) if and only if v solves
−∆gv −
m
ω
g (∇gf,∇gv) + hv = v
p−1 in (M, g). (1.3)
or equivalently
− divg (ω
m∇gv) + ω
mhv = ωmvp−1, v > 0 in (M, g). (1.4)
Here we are interested in studying problem (1.4) when the exponent p approaches the higher
critical exponent 2∗n,k = 2
∗
m, i.e. p = 2
∗
m− ε for some small real parameter ε. It is clear that
if v is a solution to problem (1.3) which concentrates at a point ξ0 ∈M then u(x, y) = v(x)
is a solution to problems (1.1) which concentrates along the fiber {ξ0} × K, which is a
k−dimensional submanifold of M. It is important to notice the the fiber {ξ0}×K is totally
geodesic in M ×ω K (and in particular a minimal submanifold of M ×ω K) if ξ0 is a critical
point of the warping function ω.
Therefore, we are lead to study the more general anisotropic almost critical problem
− divg (a(x)∇gu) + a(x)hu = a(x)u
m+2
m−2−ε, u > 0 in (M, g) (1.5)
where (M, g) is am−dimensional compact Riemannian manifolds, a ∈ C2(M) with minM a >
0, h ∈ C2(M) such that the anisotropic operator −divg (a(x)∇gu) + a(x)hu is coercive and
ε ∈ R.
Our main result reads as follows.
Theorem 2. Assume m ≥ 9 and ξ0 ∈M is a non degenerate critical point of a. Then
(i) if h(ξ0) >
m−2
4(m−1)Sg(ξ0) −
3(m−2)
2(m−1)
∆ga(ξ0)
a(ξ0)
then if ε > 0 is small enough the slightly
subcritical problem (1.5) has a solutions uε which concentrates at ξ0 as ε→ 0,
(ii) if h(ξ0) <
n−2
4(n−1)Sg(ξ0) −
3(m−2)
2(m−1)
∆ga(ξ0)
a(ξ0)
then if ε < 0 is small enough then the
slightly supercritical problem (1.5) has a solutions uε which concentrates at ξ0 as
ε→ 0.
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In particular, Theorem 2 applies to the case a = ωm where ω is the warping function. We
recall that if ξ0 is a critical point of the warping function ω, then the fiber Γ := {ξ0}×K is
a minimal k−dimensional submanifold of the warped product manifold M×ω K equipped
with the metric g = g + ω2κ. Let
Σg(Γ) :=
m− 2
4(m− 1)
Sg(ξ0)−
3m(m− 2)
2(m− 1)
∆gω(ξ0)
ω(ξ0)
,
which turns out to be a weighted mean of sectional curvatures of Γ. From the above discus-
sion and Theorem 2 we immediately deduce the following result concerning the supercritical
problem (1.1).
Theorem 3. Assume m ≥ 9, h is invariant with respect to K and p = 2∗m − ε.
(i) if h(Γ) > Σg(Γ), then if ε > 0 is small enough the supercritical problem (1.1) has a
solutions uε, invariant with respect to K, which concentrates along Γ as ε→ 0,
(ii) if h(Γ) < Σg(Γ), then if ε < 0 is small enough then the supercritical problem (1.1)
has a solutions uε invariant with respect to K, which concentrates along Γ as ε→ 0.
Let us state some open problems about the anisotropic problem (1.5).
(a) Theorem 2 holds true when m ≥ 9. The interesting question concerns the low di-
mensions m = 3, . . . , 8. For example, one could ask if the results obtained by Druet
[6, 7] for the Yamabe problem in low dimensions are true anymore.
(b) Theorem 2 holds true when the potential h is different from the geometric potential
Σ(Γ). It is interesting to see what happens when h coincides somewhere with Σ(Γ).
In particular, it could be interesting to obtain similar results to the ones obtained
by Esposito-Pistoia-Veto´is [8] for the Yamabe problem.
(c) Theorem 2 concerns the case p close to 2∗m but different from it. Is it possible to
establish an existence result for the pure critical case p = 2∗m similar to the results
obtained for the Yamabe problem?
Finally, we ask if similar results hold true in the non symmetric case. More precisely, if
p→ 2∗m,k for some integer k ≥ 1 does there exist a solution to problem (1.1) which blows-up
along a minimal k−dimensional submanifold Γ provided the potential h is different from a
suitable weighted mean of sectional curvatures of Γ? Recently, Davila-Pistoia-Vaira [4] gave
a positive answer when k = 1.
The paper is organized as follows. In Section 2 we introduce the necessary framework.
In Section 4 we reduce the problem to a finite dimensional one, via a Ljapunov-Schmidt
reduction and in Section 5 we study the finite dimensional problem and we prove Theorem
2.
2. Setting of the problem
Let H the Hilbert space H1g (M) endowed with the scalar product
〈u, v〉H =
∫
M
a(x)∇gu∇gvdµg +
∫
M
a(x)h(x)uvdµg .
Let ‖ · ‖H be the norm induced by 〈·, ·〉H , which is equivalent to the usual one. We also
denote the usual Lq-norm of a function u ∈ Lqg(M) by
|u|g =
(∫
M
|u|qdµg
)1/q
.
Let i∗H : L
2m
m+2
g (M)→ H be the adjoint operator of the embedding i : H → L
2∗m
g (M), that is
u = i∗H(v) ⇔ 〈i
∗
H(v), ϕ〉H =
∫
M
vϕdµg ∀ϕ ∈ H
⇔
∫
M
a(x)∇gu∇gϕdµg +
∫
M
a(x)h(x)uϕdµg =
∫
M
vϕdµg ∀ϕ ∈ H
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We recall (see [9]) the following inequality
|i∗H(w)|s ≤ C |w| msm+2s
for w ∈ L
ms
m+2s (2.1)
where s > 2mm−2 = 2
∗
m so that
ms
m+2s >
2m
m+2 .
We consider the Banach space Hε = H
1
g (M) ∩ L
sε
g (M) with the norm
‖u‖Hε = ‖u‖H + |u|sε
where we set
sε =
{
2∗m −
m
2 ε if ε < 0
2∗m if ε > 0
We remark that in the subcritical case ε > 0 the space Hε is nothing but the space H
1
g (M)
with norm ‖ · ‖H . By (2.1), we easily deduce that
‖i∗H(w)‖Hε ≤ c|w| msεm+2sε
if w ∈ L
msε
m+2sε . (2.2)
Finally, we can rewrite Equation (1.5) as
u = i∗H(a(x)fε(u)) u ∈ Hε (2.3)
where fε(u) = (u
+)2
∗−1−ε and u+ = max{u, 0}.
Now, let us introduce the main ingredient to build a solution to problem (2.3), namely
the standard bubble
U(z) :=
αm
(1 + |z|2)
m−2
2
z ∈ Rm
where αm := (m(m− 2))
m−2
4 . It is well known that the functions
Uδ,y(z) := δ
−m−22 U
(
z − y
δ
)
, z, y ∈ Rm, δ > 0
are all the positive solutions to the critical problem −∆U = U2
∗
m−1 on Rm.
We are going to read the euclidean bubble Uδ,y on the manifold M via geodesic coordi-
nates. Let χ be a smooth cut-off function such that 0 ≤ χ ≤ 1, χ(z) = 1 if z ∈ B(0, r/2) ⊂
R
m, χ(z) = 0 if z ∈ Rm r B(0, r), |∇χ| ≤ 2/r, where r is the iniectivity radius of M . Let
us define on M the function
Wδ,η(x) =
{
χ(exp−1ξ0 (x))δ
−m−22 U(δ−1 exp−1ξ0 (x) − η) if x ∈ Bg(ξ0, r)
0 if x ∈M rBg(ξ, r)
. (2.4)
We will look for a solution of (2.3) or, equivalently of (1.5), as u =Wδ,η +Φ, where
δ = δε(t) =
√
|ε|t for some t > 0 and η ∈ Rm. (2.5)
We remark that as ε goes to 0 the function Wδ,η blows-up at the point ξ0. The remainder
term Φ belongs to the space K⊥δ,η, which is introduced as follows. It is well known that any
solution to the linearized equation
−∆ψ = (2∗m − 1)U
2∗m−2ψ
is a linear combination of the functions
V0(z) =
∂
∂δ
[
δ−
m−2
2 U(δ−1z)
]∣∣∣∣
δ=1
Vi(z) =
∂U
∂zi
(z) i = 1, . . . ,m.
Let us define on M the functions
Ziδ,η(x) =
{
χ(exp−1ξ0 (x))δ
−m−22 Vi(δ
−1 exp−1ξ0 (x)− η) if x ∈ Bg(ξ0, r)
0 if x ∈M rBg(ξ, r)
.
Let us introduce the spaces Kδ,η = span
〈
Z0δ,η, . . . , Z
m
δ,η
〉
and
K⊥δ,η =
{
Φ ∈ Hε :
〈
Φ, Ziδ,η
〉
H
= 0 for i = 1, . . . ,m
}
.
In order to solve problem (2.3) we will solve the couple of equations
πδ,η (Wδ,ξ +Φ− i
∗
H(afε(Wδ,η +Φ))) = 0 (2.6)
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π⊥δ,η (Wδ,η +Φ− i
∗
H(afε(Wδ,η +Φ))) = 0 (2.7)
where πδ,η : Hε → Kδ,η and π
⊥
δ,η : Hε → K
⊥
δ,η are the orthogonal projection and Φ ∈
Hε ∩K
⊥
δ,η.
3. The finite dimensional reduction
First of all, we solve equation (2.7). We set
Lε,δ,η(Φ) := π
⊥
δ,η {Φ− i
∗
H (a(x)f
′
ε(Wδ,η)[Φ])}
Nε,δ,η(Φ) := π
⊥
δ,η {i
∗
H (a(x) (fε(Wδ,η +Φ)− fε(Wδ,η)− f
′
ε(Wδ,η)[Φ]))}
Rε,δ,η := π
⊥
δ,η {i
∗
H (a(x)fε(Wδ,η))−Wδ,η}
so equation (2.7) reads as
Lε,δ,η(Φ) = Nε,δ,η(Φ) +Rε,δ,η (3.1)
Lemma 4. For any real numbers α and β with 0 < α < β, there exists a positive constant
Cα,β such that, for ε small, for any η ∈ R
m, any real number t ∈ [α, β] and any Φ ∈
Hε ∩K
⊥
δε(t),η
it holds
‖Lε,δε(t),η(Φ)‖H,sε ≥ Cα,β‖Φ‖H,sε (3.2)
Proof. The proof is the same of [[9] Lemma 3.1] which we refers to 
Lemma 5. If m ≥ 9, for any real numbers α and β with 0 < α < β, there exists a positive
constant Cα,β such that, for ε small enough, for any η ∈ R
m, any real number t ∈ [α, β]
‖Rε,δε(t),η‖H,sε ≤ Cα,β |ε| |log |ε||
Proof. By definition of i∗H and (2.2)
‖Rε,δε(t),η‖H,sε ≤ c‖a(x)fε(Wδε(t),η)+a(x)∆gWδε(t),η+∇ga(x)∇gWδε(t),η−a(x)hWδε(t),η‖ msεm+2sε
Using [[9], Lemma 3.2], by direct computation it is easy to prove that
‖fε(Wδε(t),η) + ∆gWδε(t),η − hWδε(t),η‖ msεm+2sε
≤ Cα,β |ε| |log |ε|| .
It remains to estimate the term
‖∇ga∇gWδε(t),η‖ msεm+2sε
.
Since ξ0 is a critical point for the function a we have
‖∇ga∇gWδε(t),η‖
q
q ≤ C max
1≤j≤m
∫
|y|<r
|y|q
∣∣∣∣ ∂∂yj
(
χ(y)δ−
m−2
2 U
(y
δ
− η
))∣∣∣∣q |g(y)| 12 dy
≤ C max
1≤j≤m
∫
|y|<r
|y|q
∣∣∣∣δ−m−22 ∂∂yj χ(y)U
(y
δ
− η
)∣∣∣∣q dy
+ C max
1≤j≤m
∫
|y|<r
|y|q
∣∣∣∣δ−m−22 χ(y) ∂∂yj U
(y
δ
− η
)∣∣∣∣q dy
≤ C max
1≤j≤m
∫
r
2δ≤|z|≤
r
δ
|δz|q
∣∣∣δ−m−22 U (z − η)∣∣∣q δmdz
+ C max
1≤j≤m
∫
|z|≤ rδ
|δz|q
∣∣∣∣δ−m2 ∂U∂zj (z − η)
∣∣∣∣q δmdz
≤ Cδ
m−2
2 q + Cδm+q−
m
2 q.
Therefore,
‖∇ga∇gWδε(t),η‖q ≤ δ
2, (3.3)
because m ≥ 9 and if q = msεm+2sε then 1 −
m
2 +
m
q = 2 if ε > 0 or 1 −
m
2 +
m
q close to 2 if
ε < 0 and sufficiently small. This concludes the proof. 
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Proposition 6. If m ≥ 9, for any real numbers α and β with 0 < α < β, there exists
a positive constant Cα,β such that, for ε small enough, for any η ∈ R
m, any real number
t ∈ [α, β], there exists a unique solution Φδε(t),η ∈ Hε ∩K
⊥
δε(t),η
of equation (2.7) such that
‖Φε,δε(t),η‖H,sε ≤ Cα,β |ε| |log |ε|| .
Moreover Φε,δε(t),η is continuously differentiable with respect to t and η.
Proof. In order to solve equation (2.7) we look for a fixed point for the operator
Tε,δε(t),η = T : Hε ∩K
⊥
δε(t),η
→ Hε ∩K
⊥
δε(t),η
defined by
Tε,δε(t),η(Φ) = L
−1
ε,δε(t),η
{
Nε,δε(t),η(Φ) + Rε,δε(t),η
}
.
We have that
‖Tε,δε(t),η(Φ)‖H,sε ≤ ‖Nε,δε(t),η(Φ)‖H,sε + ‖Rε,δε(t),η‖H,sε
‖Tε,δε(t),η(Φ1)− Tε,δε(t),η(Φ2)‖H,sε ≤ ‖Nε,δε(t),η(Φ1)−Nε,δε(t),η(Φ2)‖H,sε .
Since m ≥ 9 a simple application of mean value theorem gives
|fε(x + y)− fε(x+ z)− f
′
ε(x)(y − z)| ≤ C|y − z| [|y|+ |z|] [x+ |y|+ |z|]
2∗m−3−ε
for all x > 0, x, y, z ∈ R. Thus
‖Nε,δε(t),η(Φ1)−Nε,δε(t),η(Φ2)‖H,sε
≤ ‖fε(Wδε(t),η +Φ1)− fε(Wδε(t),η +Φ2)− f
′
ε(Wδε(t),η)(Φ1 − Φ2)‖ msεm+2sε
≤ C‖Φ1 − Φ2‖βε [‖Φ1‖βε + ‖Φ2‖βε ]×
[
‖Wδε(t),η‖βε + ‖Φ1‖βε + ‖Φ2‖βε
]2∗m−3−ε (3.4)
where βε =
msε
m+2sε
(2∗ − 1− ε), so βε = sε if ε < 0 or βε = 2
∗
m − ε
2m
m+2 if ε > 0.
In particular
‖Nε,δε(t),η(Φ1)‖H,sε ≤ ‖fε(Wδε(t),η +Φ1)− fε(Wδε(t),η)− f
′
ε(Wδε(t),η)(Φ1)‖ msεm+2sε
≤ C‖Φ1‖
2
βε
[
‖Wδε(t),η‖βε + ‖Φ1‖βε
]2∗m−3−ε . (3.5)
Thus by (3.5) and by Lemma 5 we have that
‖Tε,δε(t),η(Φ)‖H,sε ≤ ‖Φ‖
2
H,sε + Cα,β |ε| |log |ε|| ,
so if ‖Φ‖H,sε ≤ 2Cα,β|ε| |log |ε|| and for ε small ‖Tε,δε(t),η(Φ)‖H,sε ≤ 2Cα,β |ε| |log |ε||. More-
over by (3.4) we have
‖Tε,δε(t),η(Φ1)− Tε,δε(t),η(Φ2)‖H,sε ≤ K‖Φ1 − Φ2‖H,sε
for some K < 1 if ‖Φi‖H,sε ≤ 2Cα,β |ε| |log |ε|| and ε small enough.
Therefore, a contraction mapping argument proves that the map Tε,δε(t),η admits a fixed
point Φδε(t),η. The regularity of Φδε(t),η with respect to η and t follows by standard argu-
ments using the implicit function theorem. 
4. The reduced problem and proof of Theorem 2
Let Jε : Hε → R be the energy associated to problem (1.5) defined by
Jε(u) =
1
2
∫
M
a(x)
(
|∇gu|
2 + h(x)u2
)
dµg −
1
2∗m − ε
∫
M
a(x)
(
u+
)2∗m−ε dµg. (4.1)
It is well known that any critical point of Jε is a solution to problem (1.5).
Let us introduce the reduced energy
J˜ε(t, η) := Jε
(
Wδε(t),η +Φδε(t),η
)
whereWδε(t),η is defined in (2.4), δε(t) =
√
|ε|t (see (2.5)) and Φδε(t),η is given in Proposition
6.
Proposition 7. (i) If (t, η) is a critical point of J˜ε, then Wδε(t),η+Φδε(t),η is a solution
of (2.6) and then is a solution of problem (1.5).
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(ii) We have
J˜ε (t, η) = a(ξ0) [am − bmε log |ε|+ cmε+ dm|ε|Φ(t, η)] + o(|ε|) (4.2)
C1−uniformly with respect to η ∈ Rm and t ∈ [α, β].
Here
Φ(t, η) =
{
2(m− 1)
(m− 2)(m− 4)
[
h(ξ0)−
m− 2
4(m− 1)
Sg(ξ0) +
3(m− 2)
2(m− 1)
∆ga(ξ0)
a(ξ0)
]
+
1
2
D2ga(ξ0)[η, η]
a(ξ0)
}
t
−
ε
|ε|
(m− 2)2
8
log t (4.3)
and am, . . . , dm are constants which only depend on m.
Proof. The proof of [i] is quite standard and can be obtained arguing exactly as in the proof
of Proposition 2.2 of [9].
The proof of [ii] follows in two steps.
Step 1 We prove that
J˜ε(t, η) = Jε
(
Wδε(t),η
)
+ o(|ε|)
C1−uniformly with respect to η ∈ Rm and t ∈ [α, β].
Proof. First, let us prove the C0−estimate. We have that
J˜ε(t, η) − Jε
(
Wδε(t),η
)
=
∫
M
a(x)
(
∇gWδε(t),η∇gΦδε(t),η + hWδε(t),ηΦδε(t),η − fε(Wδε(t),η)Φδε(t),η
)
dµg
−
∫
M
a(x)
((
Wδε(t),η +Φδε(t),η
)2∗−ε
−
(
Wδε(t),η
)2∗−ε
− fε(Wδε(t),η)Φδε(t),η
)
dµg
+
1
2
‖Φδε(t),η‖
2
H
Since ∫
M
a(x)∇gWδε(t),η∇Φδε(t),ηdµg =−
∫
M
∇ga(x)∇gWδε(t),ηΦδε(t),ηdµg
−
∫
M
a(x)∆gWδε(t),ηΦδε(t),ηdµg
we need an estimate of the term∫
M
∇ga(x)∇gWδε(t),ηΦδε(t),ηdµg.
By (3.3) we get that
‖∇ga(x)∇gWδε(t),η‖ 2mm+2 = O(|ε|)
and, by Holder inequality and by Proposition 6 we obtain∣∣∣∣∫
M
∇ga(x)∇gWδε(t),ηΦδε(t),ηdµg
∣∣∣∣ = o(|ε|).
The following estimate is analogous to (4.11) in [[9], Lemma 4.2]: for any θ ∈ (0, 1)
‖ −∆gWδε(t),η + hWδε(t),η − fε(Wδε(t),η)‖ 2mm+2 = o(|ε|
θ).
Thus ∣∣∣∣∫
M
a(x)
(
−∆gWδε(t),η + hWδε(t),η − fε(Wδε(t),η)
)
Φδε(t),ηdµg
∣∣∣∣ = o(|ε|).
Similarly, following again [[9], Lemma 4.2] it is easy to prove that∣∣∣∣∫
M
a(x)
((
Wδε(t),η +Φδε(t),η
)2∗−ε
−
(
Wδε(t),η
)2∗−ε
− fε(Wδε(t),η)Φδε(t),η
)
dµg
∣∣∣∣ = o(|ε|).
that concludes the proof of the C0−estimate.
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Let us prove the C1−estimate. We point out that
∂
∂t
Wδε(t),η(x) =
1
2t
Z0δε(t),η(x) (4.4)
∂
∂ηk
Wδε(t),η(x) = Z
k
δε(t),η
(x) for 1 ≤ k ≤ m (4.5)
and
‖Zkδ,η‖
2
H → a(ξ0)‖Vk‖D1,2(Rm) for 0 ≤ k ≤ m. (4.6)
We have
∂
∂t
Jε
(
Wδε(t),η +Φδε(t),η
)
−
∂
∂t
Jε
(
Wδε(t),η
)
and
∂
∂ηk
Jε
(
Wδε(t),η +Φδε(t),η
)
−
∂
∂ηk
Jε
(
Wδε(t),η
)
for 1 ≤ k ≤ m.
By (4.4) and (4.5) we have
∂
∂t
Jε
(
Wδε(t),η +Φδε(t),η
)
−
∂
∂t
Jε
(
Wδε(t),η
)
=
(
J ′ε
(
Wδε(t),η +Φδε(t),η
)
− J ′ε
(
Wδε(t),η
)) [ ∂
∂t
Wδε(t),η
]
+ J ′ε
(
Wδε(t),η +Φδε(t),η
) [ ∂
∂t
Φδε(t),η
]
=
(
J ′ε
(
Wδε(t),η +Φδε(t),η
)
− J ′ε
(
Wδε(t),η
)) [ 1
2t
Z0δε(t),η
]
+ J ′ε
(
Wδε(t),η +Φδε(t),η
) [ ∂
∂t
Φδε(t),η
]
.
Analogously
∂
∂ηk
Jε
(
Wδε(t),η +Φδε(t),η
)
−
∂
∂ηk
Jε
(
Wδε(t),η
)
=
(
J ′ε
(
Wδε(t),η +Φδε(t),η
)
− J ′ε
(
Wδε(t),η
)) [
Zkδε(t),η
]
+ J ′ε
(
Wδε(t),η +Φδε(t),η
) [ ∂
∂ηk
Φδε(t),η
]
.
For 0 ≤ k ≤ m we have(
J ′ε
(
Wδε(t),η +Φδε(t),η
)
− J ′ε
(
Wδε(t),η
)) [
Zkδε(t),η
]
=−
∫
M
∇ga(x)∇gZ
k
δε(t),η
Φδε(t),ηdµg
+
∫
M
a(x)
(
−∆gZ
k
δε(t),η
+ hZkδε(t),η − f
′
ε(Wδε(t),η)Z
k
δε(t),η
)
Φδε(t),ηdµg
+
∫
M
a(x)
(
fε(Wδε(t),η +Φδε(t),η)− fε(Wδε(t),η)− f
′
ε(Wδε(t),η)Φδε(t),η
)
Zkδε(t),ηdµg.
At this point, by (4.6), we have∣∣∣∣∫
M
∇ga(x)∇gZ
k
δε(t),η
Φδε(t),ηdµg
∣∣∣∣ ≤ ‖Φδε(t),η‖L2‖∇ga(x)∇gZkδε(t),η‖L2 = o(|ε|).
Arguing as in (4.26) of [[9], Lemma 4.2] we have that, for 0 ≤ k ≤ m, and for θ ∈ (0, 1)
‖ −∆gZ
k
δε(t),η
+ hZkδε(t),η − f
′
ε(Wδε(t),η)Z
k
δε(t),η
‖ 2m
m+2
= O(|ε|θ).
This implies∣∣∣∣∫
M
a(x)
(
−∆gZ
k
δε(t),η
+ hZkδε(t),η − f
′
ε(Wδε(t),η)Z
k
δε(t),η
)
Φδε(t),ηdµg
∣∣∣∣ = o(|ε|).
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Again, arguing as in [[9], Lemma 4.2] we have∣∣∣∣∫
M
a(x)
(
fε(Wδε(t),η +Φδε(t),η)− fε(Wδε(t),η)− f
′
ε(Wδε(t),η)Φδε(t),η
)
Zkδε(t),ηdµg
∣∣∣∣ = o(|ε|).
It remains to estimate the term J ′ε
(
Wδε(t),η +Φδε(t),η
) [
∂
∂tΦδε(t),η
]
. By (2.7), since Φδε(t),η ∈
K⊥δε(t),η we have
J ′ε
(
Wδε(t),η +Φδε(t),η
) [ ∂
∂t
Φδε(t),η
]
=
m∑
j=0
λjδε(t),η
〈
Zjδε(t),η,
∂
∂t
Φδε(t),η
〉
H
= −
m∑
j=0
λjδε(t),η
〈
∂
∂t
Zjδε(t),η,Φδε(t),η
〉
H
By easy computation we have that
∥∥∥ ∂∂tZjδε(t),η∥∥∥H = O(1) and
∥∥∥ ∂∂ηkZjδε(t),η∥∥∥H = O(1) for all
1 ≤ k ≤ m. By [[9], Lemma 4.2] we have that
∑m
j=0
∣∣∣λjδε(t),η∣∣∣ = O(|ε|1/2). This, in light of
Proposition 6 ensures that
J ′ε
(
Wδε(t),η +Φδε(t),η
) [ ∂
∂t
Φδε(t),η
]
= o(|ε|).
The estimate for J ′ε
(
Wδε(t),η +Φδε(t),η
) [
∂
∂ηk
Φδε(t),η
]
, k ∈ [1,m] can be obtained in a similar
way. This concludes the proof. 
Step 2 We prove that Jε
(
Wδε(t),η
)
satisfies expansion (4.2) C1−uniformly with respect
to η ∈ Rm and t ∈ [α, β].
Proof. Let us prove the C0−estimate.
It holds
Jε
(
Wδε(t),η
)
=a(ξ0)
12
∫
M
|∇gWδ,η|
2dµg︸ ︷︷ ︸
I1
+
1
2
∫
M
h(x)W 2δ,ηdµg︸ ︷︷ ︸
I2
−
1
2∗m − ε
∫
M
W
2∗m−ε
δ,η dµg︸ ︷︷ ︸
I3

+
1
2
∫
M
(a(x) − a(ξ0))|∇gWδ,η|
2dµg︸ ︷︷ ︸
I4
+
1
2
∫
M
(a(x) − a(ξ0))h(x)W
2
δ,ηdµg︸ ︷︷ ︸
I5
−
1
2∗m − ε
∫
M
(a(x)− a(ξ0))W
2∗m−ε
δ,η dµg︸ ︷︷ ︸
I6
.
First of all, let us estimate the integrals I1, I2 and I3.
I1 =
δ−m+2
2
∫
Rm
gij(y)
∂
∂yi
(
χ(y − δη)U
(y
δ
− η
)) ∂
∂zj
(
χ(y − δη)U
(y
δ
− η
))
|g(y)|1/2dy
=
1
2
∫
Rm
gij(δ(z + η))
∂
∂zi
(χ(δz)U(z))
∂
∂zj
(χ(δz)U(z)) |g(δ(z + η))|1/2dz
=
1
2
∫
Rm
gij(δ(z + η))
∂U
∂zi
(z)
∂U
∂zj
(z)|g(δ(z + η))|1/2dz + o(δ2)
=
1
2
∫
Rm
δij + δ2
2
n∑
i,j,r,k=1
∂2gij
∂yr∂yk
(0)(zr + ηr)(zk + ηk)
 ∂U
∂zi
(z)
∂U
∂zj
(z)×
×
1− δ2
4
n∑
s,r,k=1
∂2gss
∂yr∂yk
(0)(zr + ηr)(zk + ηk)
 dz + o(δ2)
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=
1
2
∫
Rm
|∇U |2dz +
|ε|t
4
m∑
i,j,r,k=1
∂2gij
∂yr∂yk
(0)
∫
Rm
∂U
∂zi
(z)
∂U
∂zj
(z)zrzkdz
+
|ε|t
4
m∑
i,j,r,k=1
∂2gij
∂yr∂yk
(0)ηrηk
∫
Rm
∂U
∂zi
(z)
∂U
∂zj
(z)dz
−
|ε|t
8
m∑
s,k=1
∂2gss
∂y2k
(0)
∫
Rm
|∇U |2z2kdz
−
|ε|t
8
m∑
s,r,k=1
∂2gss
∂yr∂yk
(0)ηrηk
∫
Rm
|∇U |2dzdz + o(ε)
=
1
2
∫
Rm
|∇U |2dz +
|ε|t
4
m∑
i,j,r,k=1
∂2gij
∂yr∂yk
(0)
∫
Rm
(
U ′(z)
|z|
)2
zizjzrzkdz
+
|ε|t
4
m∑
i,r,k=1
∂2gii
∂yr∂yk
(0)ηrηk
∫
Rm
(
U ′(z)
|z|
)2
z2i
−
|ε|t
8
m∑
i,k=1
∂2gii
∂y2k
(0)
∫
Rm
(U ′(z))
2
z2kdz
−
|ε|t
8
m∑
i,r,k=1
∂2gii
∂yr∂yk
(0)ηrηk
∫
Rm
(U ′(z))
2
dz + o(ε).
We set h˜(y) = h(expξ0(y)). Then we get
I2 =
δ−m+2
2
∫
Rm
h˜(y)χ2(y − δη)U2
(y
δ
− η
)
|g(y)|1/2dy
=
δ2
2
∫
Rm
h˜(δ(z + η))U2(z)|g(δ(z + η))|1/2dz + o(δ2)
=
δ2
2
∫
Rm
(
h˜(0) +O(δ)
)
U2(z)(1 +O(δ2))dz + o(δ2)
=
|ε|t
2
h˜(0)
∫
Rm
U2(z)dz + o(ε).
We notice that, by direct computation, and considering that δ =
√
|ε|t
1
2∗m − ε
=
1
2∗m
+
ε
(2∗m)
2 + o(ε);
δε
m−2
2 = 1 +
m− 2
4
ε log (|ε|t) + o(ε);
U2
∗
m−ε = U2
∗
m − εU2
∗
m logU + o(ε).
Therefore
I3 =
δ−
m−2
2 (2
∗
m−ε)
2∗m − ε
∫
Rm
χ2
∗
m−ε(y − δη)U2
∗
m−ε
(y
δ
− η
)
|g(y)|1/2dy
=
δε
m−2
2
2∗m − ε
∫
Rm
U2
∗
m−ε(z)|g(δ(z + η))|1/2dz + o(δ2)
=
δε
m−2
2
2∗m − ε
∫
Rm
U2
∗
m−ε(z)
1− δ2
4
n∑
i,r,k=1
∂2gii
∂yr∂yk
(0)(zr + ηr)(zk + ηk)
 dz + o(δ2)
=
δε
m−2
2
2∗m − ε
∫
Rm
U2
∗
m−ε(z)
1− δ2
4
n∑
i,r,k=1
∂2gii
∂yr∂yk
(0)(zrzk + ηrηk)
 dz + o(δ2)
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=
(
1
2∗m
+
ε
(2∗m)
2
)(
1 +
m− 2
4
ε log (|ε|t)
)∫
Rm
(
U2
∗
m(z)− εU2
∗
m(z) logU(z)
)
×
1− |ε|t
4
n∑
i,r,k=1
∂2gii
∂yr∂yk
(0)(zrzk + ηrηk)
 dz + o(ε)
=
1
2∗m
∫
Rm
U2
∗
m +
ε
2∗m
(
1
2∗m
∫
Rm
U2
∗
m(z)dz −
∫
Rm
U2
∗
m(z) logU(z)dz
)
+
1
2∗m
m− 2
4
ε log (|ε|t)
∫
Rm
U2
∗
m(z)dz+
−
1
2∗m
|ε|t
4
m∑
i,r,k=1
∂2gii
∂yr∂yk
(0)ηrηk
∫
Rm
U2
∗
m(z)dz
−
1
2∗m
|ε|t
4
m∑
i,k=1
∂2gii
∂y2k
(0)
∫
Rm
U2
∗
m(z)z2rdz + o(ε)
Therefore we get
I1 + I2 − I3 =
1
2
∫
Rm
|∇U |2dz −−
1
2∗m
∫
Rm
U2
∗
mdz
−
1
2∗m
m− 2
4
ε log (|ε|t)
∫
Rm
U2
∗
m(z)dz+
−
ε
2∗m
(
1
2∗m
∫
Rm
U2
∗
m(z)dz −
∫
Rm
U2
∗
m(z) logU(z)dz
)
+
|ε|t
2
h˜(0)
∫
Rm
U2(z)dz
+ |ε|t
1
4
m∑
i,j,r,k=1
∂2gij
∂yr∂yk
(0)
∫
Rm
(
U ′(z)
|z|
)2
zizjzrzkdz
−
m∑
i,k=1
∂2gii
∂y2k
(0)
(
1
8
∫
Rm
(U ′(z))
2
z2kdz +
m− 2
8m
∫
Rm
U2
∗
m(z)z2rdz
)
+ |ε|t
m∑
i,r,k=1
∂2gii
∂yr∂yk
(0)ηrηk
(
m− 2
8m
∫
Rm
U2
∗
m(z)dz +
1
4
∫
Rm
(
U ′(z)
|z|
)2
z2i dz −
1
8
∫
Rm
(U ′(z))
2
dz
)
︸ ︷︷ ︸
=0
+ o(ε)
=
K−mm
m
[
1−
(m− 2)2
8
ε log(|ε|t)− cmε+
2(m− 1)
(m− 2)(m− 4)
(
h(ξ)−
(m− 2)
4(m− 1)
Sg(ξ)
)
|ε|t+ o(ε)
]
,
where cm is a constant which only depends on m, Km :=
√
4
m(m−2)ω
2/m
m
and ωm is the
volume of the unit m−sphere. (see also [[9], Lemma 4.1]). Here we used the following facts
m∑
i,j=1
∂2gii
∂z2j
(0)−
m∑
i,j=1
∂2gij
∂zi∂zj
(0) = Sg(ξ0),
1
2
∫
Rm
|∇U |2z2i dz −
1
2∗
∫
Rm
U2
∗
z2i dz =
∫
Rm
(
∂U
∂zi
)2
z2i dz∫
Rm
(
U ′(z)
|z|
)2
z4i dz = 3
∫
Rm
(
U ′(z)
|z|
)2
z2i z
2
j dz∫
Rm
(
U ′(z)
|z|
)2
zizjzkzhdz =
1
2
∫
Rm
(
U ′(z)
|z|
)2
z41dz(δijδhk + δikδjh + δihδjk).
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Now, let us estimate the integrals I4, I5 and I6. We set a˜(y) = a(expξ0(y)) and we denote
by ∂a˜∂ys the derivative of a˜ with respect to its s-th variable. Therefore, we have
I4 =
1
2
∫
Rm
[
∑
i,j
a˜(δ(z + η))− a˜(0)]gij(δ(z + η))
∂
∂zi
(χ(δz)U(z))
∂
∂zj
(χ(δz)U(z)) |g(δ(z + η))|1/2dz
=
δ2
4
∫
Rm
∑
s,k
∂2a˜
∂ys∂yk
(0)(zs + ηs)(zk + ηk)|∇U |
2dz + o(δ2)
=
∑
s,k
δ2
4
∂2a˜
∂ys∂yk
(0)
∫
Rm
zszk|∇U |
2dz +
∑
s,k
δ2
4
∂2a˜
∂ys∂yk
(0)ηsηk
∫
Rm
|∇U |2dz + o(δ2)
= |ε|t
14∑
k
∂2a˜
∂2yk
(0)
∫
Rm
z2k|∇U |
2dz +
∑
s,k
∂2a˜
∂ys∂yk
(0)
ηsηk
4
∫
Rm
|∇U |2dz
+ o(ε)
= |ε|t
 14m
m∑
k=1
∂2a˜
∂2yk
(0)
∫
Rm
|z|2|∇U |2dz +
1
4
m∑
k,s=1
∂2a˜
∂ys∂yk
(0)ηsηk
∫
Rm
|∇U |2dz
+ o(ε).
(4.7)
and by mean value theorem we get for some θ ∈ (0, 1)
I5 =
δ2
2
∫
Rm
[a˜(δ(z + η))− a˜(0)]h˜(δ(z + η))χ2(δz)U2(z)|g(δ(z + η))|1/2dz
=
δ4
2
∫
Rm
∑
s,k
∂2a˜
∂ys∂yk
(δθz) · (zs + ηs)(zk + ηk)h˜(δ(z + η))χ
2(δz)U2(z)dz
= O(δ3) = o(ε).
Finally, using that∣∣∣∣∫
Rm
|z|2
[
U2
∗
m−ε(z)− U2
∗
m(z)
]
dz
∣∣∣∣ ≤ |ε| ∫
Rm
|z|2U2
∗
m−θε(z) lnU(z)dz = o(1).
and also that
δε
m−2
2
2∗m − ε
=
1
2∗m − ε
+ o(1) =
1
2∗m
+ o(1),
we get
I6 =
δε
m−2
2
2∗m − ε
∫
Rm
[a˜(δ(z + η))− a˜(0)]χ2
∗
m−ε(δz)U2
∗
m−ε(z)|g(δ(z + η))|1/2dz
=
δ2
2
δε
m−2
2
2∗m − ε
∫
Rm
∑
s,k
∂2a˜
∂ys∂yk
(0)(zs + ηs)(zk + ηk)U
2∗m−ε(z)dz + o(δ2)
=
δ2
2
δε
m−2
2
2∗m − ε
∑
s,k
∂2a˜
∂ys∂yk
(0)ηsηk
∫
Rm
U2
∗
m−ε(z)dz
+
δ2
2
δε
m−2
2
2∗m − ε
∑
k
∂2a˜
∂y2k
(0)
∫
Rm
z2kU
2∗m(z)dz + o(δ2)
=
|ε|t
2 · 2∗m
∑
k
∂2a˜
∂y2k
(0)
∫
Rm
z2kU
2∗m(z)dz +
∑
s,k
∂2a˜
∂ys∂yk
(0)ηsηk
∫
Rm
U2
∗
m(z)dz
+ o(|ε|)
= |ε|t
m− 2
4m2
m∑
k=1
∂2a˜
∂y2k
(0)
∫
Rm
|z|2U2
∗
m(z)dz +
m− 2
4m
m∑
k,s=1
∂2a˜
∂ys∂yk
(0)ηsηk
∫
Rm
U2
∗
m(z)dz
+ o(|ε|).
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Therefore, we get
I4 + I5 − I6 =|ε|t
{
m∑
k=1
∂2a˜
∂y2k
(0)
[
1
4m
∫
Rm
|z|2|∇U |2dz −
m− 2
4m2
∫
Rm
|z|2U2
∗
m(z)dz
]
+
m∑
k,s=1
∂2a˜
∂ys∂yk
(0)ηsηk
[
1
4
∫
Rm
|∇U |2dz −
m− 2
4m
∫
Rm
U2
∗
m(z)dz
]+ o(|ε|).
A straightforward computation shows that
1
4m
∫
Rm
|z|2|∇U |2dz −
m− 2
4m2
∫
Rm
|z|2U2
∗
m(z)dz =
3K−mm
m(m− 4)
and
1
4
∫
Rm
|∇U |2dz −
m− 2
4m
∫
Rm
U2
∗
m(z)dz =
K−mm
2m
.
It is enough to use the following ingredients. For any positive real numbers p and q such
that p− q > 1, we let
Iqp =
∫ +∞
0
rq
(1 + r)
p dr.
In particular, there hold
Iqp+1 =
p− q − 1
p
Iqp and I
q+1
p+1 =
q + 1
p− q − 1
Iqp+1 .
Moreover, we have
I
m
2
m =
2K−mm
α2m(m− 2)
2ωm−1
.
Finally, we collect all the previous estimates and we get the C0−estimate, taking into
account that
∆ga(ξ0) =
m∑
k=1
∂2a˜
∂y2k
(0) and D2ga(ξ0)[η, η] =
m∑
k,s=1
∂2a˜
∂yk∂ys
(0)ηkηs.
Let us prove the C1− estimate.
We first consider the derivative of the term A(δε(t), η) =
1
2
∫
M
a(x)|∇gWδε(t),η|
2dµg with
respect to t. Since δ
′
ε(t)δε(t) =
ε
2 we get
∂
∂t
A(δε(t), η) =δ
′
ε(t)
∂
∂δ
A(δε(t), η) =
=
δ
′
ε(t)
2
∂
∂δ
∫
Rm
a˜(δ(z + η))gij(δ(z + η))
∂
∂zi
(χ(δz)U(z))
∂
∂zj
(χ(δz)U(z)) |g(δ(z + η))|1/2dz
=
δ
′
ε(t)
2
∫
Rm
∂a˜
∂yk
(δ(z + η))(zk + ηk)g
ij(δ(z + η))
∂U(z)
∂zi
∂U(z)
∂zj
|g(δ(z + η))|1/2dz
+
δ
′
ε(t)
2
∫
Rm
a˜(δ(z + η))
∂2gij
∂yk
(δ(z + η))(zk + ηk)
∂U(z)
∂zi
∂U(z)
∂zj
dz
+
δ
′
ε(t)
2
∫
Rm
a˜(δ(z + η))gij(δ(z + η))
∂U(z)
∂zi
∂U(z)
∂zj
∂|g|1/2
∂yk
(δ(z + η))(zk + ηk)dz + o(ε)
=
δ
′
ε(t)δ
2
∫
Rm
∂2a˜
∂yk∂yr
(0)(zr + ηr)(zk + ηk)|∇U(z)|
2dz
+
δ
′
ε(t)δ
2
∫
Rm
a˜(0)
∂2gij
∂yk∂yr
(0)(zr + ηr)(zk + ηk)
∂U(z)
∂zi
∂U(z)
∂zj
dz
−
δ
′
ε(t)δ
4
∫
Rm
a˜(0)|∇U(z)|2
∂2gss
∂yk∂yr
(0)(zr + ηr)(zk + ηk)dz + o(ε)
=
ε
4
∂2a˜
∂yk∂yr
(0)ηkηr
∫
Rm
|∇U(z)|2dz +
ε
4
∂2a˜
∂z2k
(0)
∫
Rm
|∇U(z)|2z2kdz
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+
ε
4
a˜(0)ηkηr
∂2gii
∂yk∂yr
(0)
∫
Rm
(
U ′(z)
|z|
)2
z2i dz
+
ε
4
a˜(0)
∂2gij
∂yk∂yr
(0)
∫
Rm
(
U ′(z)
|z|
)2
zizjzkzrdz
−
ε
8
a˜(0)ηkηr
∂2gss
∂yk∂yr
(0)
∫
Rm
|∇U(z)|2dz −
ε
8
a˜(0)
∂2gss
∂y2k
(0)
∫
Rm
|∇U(z)|2z2kdz + o(ε)
Here we recognize the derivative of I1 with respect to t.
In a similar way we consider ∂∂ηkA(δε(t), η) for 1 ≤ k ≤ m. We have
∂
∂ηk
A(δε(t), η) =
1
2
∂
∂∂ηk
∫
Rm
a˜(δ(z + η))gij(δ(z + η))
∂
∂zi
(χ(δz)U(z))
∂
∂zj
(χ(δz)U(z)) |g(δ(z + η))|1/2dz
=
δ
2
∫
Rm
∂a˜
∂yk
(δ(z + η))gij(δ(z + η))
∂U(z)
∂zi
∂U(z)
∂zj
|g(δ(z + η))|1/2dz
+
δ
2
∫
Rm
a˜(δ(z + η))
∂2gij
∂yk
(δ(z + η))
∂U(z)
∂zi
∂U(z)
∂zj
dz
+
δ
2
∫
Rm
a˜(δ(z + η))(δ(z + η))
∂U(z)
∂zi
∂U(z)
∂zj
∂|g|1/2
∂yk
(δ(z + η))dz + o(ε)
=
δ2
2
∫
Rm
∂2a˜
∂yk∂yr
(0)(zr + ηr)|∇U(z)|
2dz
+
δ2
2
∫
Rm
a˜(0)
∂2gij
∂yk∂yr
(0)(zr + ηr)
∂U(z)
∂zi
∂U(z)
∂zj
dz
−
δ2
4
∫
Rm
a˜(0)|∇U(z)|2
∂2gss
∂yk∂yr
(0)(zr + ηr)dz + o(ε)
=
ε
2
∂2a˜
∂yk∂yr
(0)ηr
∫
Rm
|∇U(z)|2dz +
ε
2
a˜(0)ηr
∂2gii
∂yk∂yr
(0)
∫
Rm
(
U ′(z)
|z|
)2
z2i dz
−
ε
4
a˜(0)ηr
∂2gss
∂yk∂yr
∫
Rm
|∇U(z)|2dz + o(ε)
Here we recognize the derivative of I1 with respect to ηk.
We argue in a similar way for the all the other addenda in Jε
(
Wδε(t),η
)
. The claim follows
easily. 

Proof of the Theorem 2. Set Θ(ξ0) := h(ξ0)−
m−2
4(m−1)Sg(ξ0) +
3m(m−2)
2(m−1)
∆gω(ξ0)
ω(ξ0)
. Let
either t0 :=
bm
Θ(ξ0)
if ε > 0 or t0 := −
bm
Θ(ξ0)
if ε < 0.
Since ξ0 is a non degenerate critical point of ω, a straightforward computation shows that
the point (t0, 0) is a non degenerate critical point of the function Φ. Therefore, by (ii) of
Proposition 7, if ε is small enough there exists (tε, ηε) ∈ (0,+∞) × R
m which is a critical
point of J˜ε such that (tε, ηε)→ (t0, 0) as ε→ 0. Finally, by (i) of Proposition 7, we deduce
that Wδε(t),η + Φδε(t),η is a solution of problem (1.5) which blows-up at the point ξ0 as
ε→ 0. 
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